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Motivation

How do we make predictions in the face of uncertainty?

@ We have a model for the dynamics, but it might have inherent errors...

@ We have measurements, but these are not complete and there might be
measurement errors...
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Three Time-dependent Estimation Problems

Given a random time series {X(¢) € R : <y} (from models, data, controls):

@ Retrodiction:

X(@): t<t.

e.g., paleoclimate reconstruction, optimal control path.
@ Nudiction:
X(): t=1.
e.g., best initial conditions for weather prediction, optimal configuration.
@ Prediction:
X(t): t>t1.

e.g., weather prediction, system forecast.
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Motivation

Automating Navigation: flying airplanes and spacecratft,
driving rovers and probes...

Image, courtesy of JPL, Pasadena CA.
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The Prediction Problem (Methodology/unconstrained data)
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Atmospheric CO;, at Mauna Loa Observatory (collected by D. Keeling, Scripps).
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The Prediction Problem (Methodology/unconstrained data)
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The Prediction Problem (Methodology/unconstrained data)
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The Prediction Problem (Methodology/unconstrained data)
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The Prediction Problem

When data fool us...

same data, zoomed in
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The Prediction Problem
...use our understanding of the dynamics

dx = 4x(1—x*)dt+ xdW,
x(0) = xo

HOT
CcoLD
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Motivation

PART I: LINEAR ALGEBRA BACKGROUND
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1. Matrices and vectors

@ An m X n matrix is an array with m rows and »n columns. It is typically
written in the form

ar a2 o din
ay ap - aum

A — [alj] — . . . o 9
aml Am2  *° Amn

where i is the row index and j is the column index.

@ A column vector is an m X 1 matrix. Similarly, a row vectorisa 1 xn
matrix.

o The entries a;; of a matrix A may be real or complex.
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Matrices and vectors

Definitions
Matrices and vectors (continued)

1 0 0
e B=| 0 i
0 0

is a 3 x 3 diagonal matrix, with complex entries
3-7i
e An n x n diagonal matrix whose entries are all ones is called the n x n
identity matrix.
1 2 3 10
°C=11 56

3 0 is a 2 x 4 matrix with real entries.
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Matrix addition and scalar multiplication
Matrix addition and scalar multiplication

Let A = [a;;] and B = [b;j] be two m x n matrices, and let ¢ be a scalar.
o The matrices A and B are equal if and only if they have the same entries,
A=B<+=a;=0by, foralli,j, 1 <i<m, 1<j<n.
o The sum of A and B is the m X n matrix obtained by adding the entries of

A to those of B,
A+B = [a;; + by].

o The product of A with the scalar c is the m X n matrix obtained by
multiplying the entries of A by c,

cA = [cay].
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2. Matrix multiplication

o Let A = [a;] be an m x n matrix and B = [b;j] be an n x p matrix. The

product C = AB of A and B is an m x p matrix whose entries are obtained

by multiplying each row of A with each column of B as follows:

n

Cij S Z ik bkj.
k=1

1 2 1 2 3 10
oExamples.LetA_[3 4}andc_[1 6 _3 O}

o Is the product AC defined? If so, evaluate it.
e Same question with the product CA.

o What is the product of A with the third column vector of C?
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Matrix multiplication (continued)

@ More examples:
o Consider the system of equations

3x1+2x —x3 =4
X2—7X3=0 o
—x1 +4xy —6x3 =—10

Werite this system in the form AX = Y, where A is a matrix and X and Y are
two column vectors.

1 2 5 6
A—[3 4] and B—[7 8]'

Calculate the products AB and BA.

o Let
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Matrices and vectors Rules for matrix addition and multiplication

3. Rules for matrix addition and multiplication

o The rules for matrix addition and multiplication by a scalar are the same
as the rules for addition and multiplication of real or complex numbers.

o In particular, if A and B are matrices and c¢; and ¢, are scalars, then

A+B=B+A
(A+B)+C=A+(B+C)
c1(A+B)=ciA+cB
(c1+c)A=clA+cA
c1(c2A) = (c1¢2)A

whenever the above quantities make sense.
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Rules for matrix addition and multiplication
Rules for matrix addition and multiplication (continued)

o The product of two matrices is associative and distributive, i.e.

A(BC) = (AB)C = ABC
A(B+C)=AB+AC  (A+B)C=AC+BC.

o However, the product of two matrices is not commutative. If A and B are
two square matrices, we typically have

AB # BA
o For two square matrices A and B, the commutator of A and B is defined as
[A,B] = AB— BA.

In general, [A,B] # 0. If [A, B] = 0, one says that the matrices A and B
commute.
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4. Transposition

o The transpose of an m x n matrix A is the n x m matrix A” obtained from
A by switching its rows and columns, i.e.
if A=la;], then AT =[g;].

o Example: Find the transpose of C = [ i é —38 1(? ]

@ Some properties of transposition. If A and B are matrices, and c is a
scalar, then

(A+B)" =AT+BT  (cA)T =cAT
AB)T =B"AT  (aAT)" =4,

whenever the above quantities make sense.

LOZNNBY B NN VB SO X LAY W I I Wt aa g T he Mathematics Institutes” MODERN MATH Wt September, 2010 20/136



Linear independence

o A linear combination of the n vectors ay, ap, ---, a, is an expression of
the form
ciay +cxay+ -+ -+ cpay,

where the ¢;’s are scalars.

o A set of vectors {aj,ay, - ,a,} is linearly independent if the only way
of having a linear combination of these vectors equal to zero is by
choosing all of the coefficients equal to zero. In other words,
{ai,ay,--- ,a,} is linearly independent if and only if

ciait+cay+--+ca,=0—c1=c,=---=c¢, =0.
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Linear independence (continued)

o Examples:

o Are the columns of the matrix A = [ ; i ] linearly independent?

1 2 3 10

o Same question with the columns of the matrix C = [ 1 6 -8 0

o Same question with the rows of the matrix C defined above.

o A set that is not linearly independent is called linearly dependent.

o Can you find a condition on a set of n vectors, which would guarantee
that these vectors are linearly dependent?
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6. Vector space

o A real (or complex) vector space is a non-empty set V whose elements
are called vectors, and which is equipped with two operations called
vector addition and multiplication by a scalar.

o The vector addition satisfies the following properties.

The sum of two vectors a € V and b € V is denoted by a + b and is
an element of V.

It is commutative: a+b =b—+a, forall a,b € V.
It is associative: (a+b)+c=a+ (b+c) forall a,b,c € V.

There exists a unique zero vector, denoted by 0, such that for every
vectora € V,a+0=a.

For each a € V, there exists a unique vector (—a) € V such that
a+(—a)=0.
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Vector space (continued)

o The multiplication by a scalar satisfies the following properties.

The multiplication of a vector a € V by a scalar & € R (or @ € C) is
denoted by o a and is an element of V.

Multiplication by a scalar is distributive:
o(a+b)=oa+ob, (a+B)a=oa+Pa,

forall a,b € V and a, B € R (or C).
It is associative: o (Ba) = (af)aforalla € Vand o, € R (or C).

Multiplying a vector by 1 gives back that vector, i.e.
la=a,
forallae V.
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Vector space Bases and dimension

Bases and dimension

o The span of set of vectors % = {ay,as,--- ,a,} is the set of all linear
combinations of vectors in % . It is denoted by

Span{al7a27 o ;an} or Span(%)
and is a subspace of V.

o A basis £ of a subspace S of V is a set of vectors of S such that
Span(#) = S,

2 is a linearly independent set.

o Theorem: If a basis Z of a subspace S of V has n vectors, then all other
bases of S have exactly n vectors.

o The dimension of a vector space V (or of a subspace S of V) spanned by
a finite number of vectors is the number of vectors in any of its bases.
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Rank

o The row space of an m X n matrix A is the span of the row vectors of A. If
A has real entries, the row space of A is a subspace of IR”.

o Similarly, the column space of A is the span of the column vectors of A,
and is a subspace of R™.

o The rank of a matrix A is the dimension of its column space.

@ Theorem: The dimensions of the row and column spaces of a matrix A
are the same. They are equal to the rank of A.

o Example: Check that the row and column spaces of

C= { } é —38 100 ] are vector subspaces, and find their dimension.
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The rank theorem

o The null space of an m x n matrix A, .4 (A) is the set of vectors u such

that Au = 0. If A has real entries, then .4"(A) is a subspace of R".
o The rank theorem states that if A is an m X n matrix, then
rank(A) +dim (A (A)) = n.
o Example: Find the rank and the null space of the matrix
C— 1 2 3 10

1 6 -8 0
Check that the rank theorem applies.
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Linear systems of equations
Linear systems of equations

A1 X1 + QX0 + -+ QX = by,
can be written in matrix form as AX = B, where

al  ap o Al X1
daz) a4z - Ay

A = . . ) X

aml Adm2 -

by

by
.|y B=
Amn

PO Group Leade.
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Solution(s) of a linear system of equations

o Given a matrix A and a vector B, a solution of the system AX = B is a
vector X which satisfies the equation AX = B.

o If B is not in the column space of A, then the system AX = B has no
solution. One says that the system is not consistent. In the statements
below, we assume that the system AX = B is consistent.

o If the null space of A is non-trivial, then the system AX = B has more
than one solution.

@ The system AX = B has a unique solution provided dim(.4"(A)) = 0.

@ Since, by the rank theorem, rank(A) +dim(.4"(A)) = n (recall that n is
the number of columns of A), the system AX = B has a unique solution if
and only if rank(A) = n.
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Solution(s) of a linear system of equations (continued)

o A linear system of the form AX = 0 is said to be homogeneous.
o Solutions of AX = 0 are vectors in the null space of A.

o If we know one solution X to AX = B, then all solutions to AX = B are
of the form
X =Xo+Xj

where X}, is a solution to the associated homogeneous equation AX = 0.

o In other words, the general solution to the linear system AX = B, if it
exists, can be written as the sum of a particular solution Xy to this
system, plus the general solution of the associated homogeneous system.
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2. Inverse of a matrix

o If A is a square n X n matrix, its inverse, if it exists, is the matrix, denoted
by A~ such that
AAT =A"TA=1,

where [, is the n X n identity matrix.

o A square matrix A is said to be singular if its inverse does not exist.
Similarly, we say that A is non-singular or invertible if A has an inverse.

o The inverse of a square matrix A = [g;] is given by

1
AT = — (G
det(A)[ ]] Y

where det(A) is the determinant of A and Cj; is the matrix of cofactors of
A.
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Inverse of a matrix Determinant of a matrix

Determinant of a matrix

o The determinant of a square n X n matrix A = [a;;] is the scalar
n n
det(A) = ZaijC,-j = Za,-jC,-j
i=1 j=1
where the cofactor Cj; is given by

Cyj = (1) My,

and the minor M;; is the determinant of the matrix obtained from A by
“deleting” the i-th row and j-th column of A.

o Example: Calculate the determinant of A =

SC SO
0 L
© o W
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Properties of determinants

o If a determinant has a row or a column entirely made of zeros, then the
determinant is equal to zero.

o The value of a determinant does not change if one replaces one row
(resp. column) by itself plus a linear combination of other rows (resp.
columns).

o If one interchanges 2 columns in a determinant, then the value of the
determinant is multiplied by —1.

o If one multiplies a row (or a column) by a constant C, then the
determinant is multiplied by C.

@ If A is a square matrix, then A and A” have the same determinant.
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Inverse of a matrix

Properties of the inverse

Properties of the inverse

azy ax
A1 1 [ ap —ap }
det(A) | —az1  an |’
and det(A) = ajjax —aziarn.
@ If A and B are invertible, then

(AB)"' =B 'A7!

() =

=

and
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Inverse of a matrix Linear systems of n equations with n unknowns

Linear systems of n equations with n unknowns

o Consider the following linear system of n equations with » unknowns,
apxy +apxy + -+ -+ ax, = by
ax1X1 +axnxy + -+ - + ayxn = by
An1X] + Ap2X2 + -+ QupXn = bn

o This system can be also be written in matrix form as AX = B, where A is
a square matrix.

o If det(A) # 0, then the above system has a unique solution X given by

X=A"'B.
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Inverse of a matrix Linear systems of n equations with n unknowns

Linear systems of equations - summary

Consider the linear system AX = B where A is an m X n matrix.

o The system may not be consistent, in which case it has no solution.

o To decide whether the system is consistent, check that B is in the column
space of A.

o If the system is consistent, then

o Either rank(A) = n (which also means that dim(.4"(A)) = 0), and the
system has a unique solution.

o Orrank(A) < n (which also means that .4 (A) is non-trivial), and the
system has an infinite number of solutions.
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Inverse of a matrix Linear systems of n equations with n unknowns

Linear systems of equations - summary (continued)

Consider the linear system AX = B where A is an m X n matrix.

o If m = n and the system is consistent, then
o Either det(A) # 0, in which case rank(A) = n, dim(.4#"(A)) = 0, and the
system has a unique solution;

o Ordet(A) =0, in which case dim(.#'(A)) > 0, rank(A) < n, and the
system has an infinite number of solutions.

o Note that when m = n, having det(A) = 0 means that the columns of A
are linearly dependent.

o It also means that .4"(A) is non-trivial and that rank(A) < n.
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Eigenvalues and eigenvectors Eigenvalues

3. Eigenvalues and eigenvectors

o Let A be a square n X n matrix. We say that X is an eigenvector of A with
eigenvalue A if
X#0 and AX = AX.

o The above equation can be re-written as
(A—AL)X =0.

@ Since X # 0, this implies that A — A1, is not invertible, i.e. that
det(A—AIL,) =0.

o The eigenvalues of A are therefore found by solving the characteristic
equation det(A — AI,) = 0.
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Eigenvalues

o The characteristic polynomial det(A — A1,) is a polynomial of degree n
in A. It has » complex roots, which are not necessarily distinct from one
another.

o If A is a root of order k of the characteristic polynomial det(A — A1,,), we
say that A is an eigenvalue of A of algebraic multiplicity k.

o If A has real entries, then its characteristic polynomial has real
coefficients. As a consequence, if A is an eigenvalue of A, so is A.

o It A is a 2 x 2 matrix, then its characteristic polynomial is of the form
A% — A Tr(A) +det(A), where the trace of A, Tr(A), is the sum of the
diagonal entries of A.
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Eigenvalues and eigenvectors

Eigenvalues

Eigenvalues (continued)

[ 13 36
B 6 17 |°

iy The Mathematics Institutes” MODERN MATH Wi

«0>» 4F» «E» « >

DA
September, 2010

40/136



Eigenvectors

Once an eigenvalue A of A has been found, one can find an associated
eigenvector, by solving the linear system

(A—2AL)X =0.

@ Since .4/ (A — A1) is not trivial, there is an infinite number of solutions
to the above equation. In particular, if X is an eigenvector of A with
eigenvalue A, so is aX, where a € R (or C) and a # 0.

@ The set of eigenvectors of A with eigenvalue A, together with the zero
vector, form a subspace of R” (or C"), E,, called the eigenspace of A
corresponding to the eigenvalue A.

@ The dimension of E; is called the geometric multiplicity of A.
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Eigenvalues and eigenvectors Eigenvectors

Eigenvectors (continued)

o Examples: Find the eigenvectors of the following matrices. Each time,

give the algebraic and geometric multiplicities of the corresponding
eigenvalues.

ca= 3 5

6 17

4 -1 1
o D— -1 4 -1

-1 1 2
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Eigenvalues and eigenvectors Properties of eigenvalues and eigenvectors

Properties of eigenvalues and eigenvectors

o The geometric multiplicity m;, of an eigenvalue A is less than or equal to
its algebraic multiplicity M}, .

o If My =1, then m) = 1.

o If my is not equal to M, then one can find M) — m, linearly
independent generalized eigenvectors of A, by solving a sequence of
equations of the form

(A—)LIn)UH_l:Ui iE{l,---,M;L—mA}

where U; = X is a genuine eigenvector of A with eigenvalue A.
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Eigenvalues and eigenvectors Properties of eigenvalues and eigenvectors

Properties of eigenvalues and eigenvectors (continued)

o Examples: Find the genuine and generalized eigenvectors of the
following matrices

410 0
0 4 0 0
eM=149 0 4 1
00 0 4
010 0
001 0
°N=1090 0 1
000 0

o If A has k distinct eigenvalues and %, - - - , %y are bases of the
corresponding generalized eigenspaces, then { %, --- , %} is a basis of
R” (or C").
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ISECNZINEW GGGV Properties of eigenvalues and eigenvectors

Linear Transformations

Suppose the vectors xj,xs, ..., x, are a basis for the linear vector space V and
Y1,¥2,---,Ym are a basis for the linear vector space W. Then each linear
transformation A from V to W is represented by a matrix. The j column is
found by applying A to the j basis vector; the result, Ax;j is a linear
combination of the y’s and the coefficients in that combination go into column
J:

A)Cj =a1y1 + a2y, + ... +apym.
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Eigenvalues and eigenvectors Properties of eigenvalues and eigenvectors

Important Linear Transformations

The linear transformation Az transforms z as follows:

from R" to IR, where m can be equal to n. Some of the most important linear
transformations are (consider A € IR?*? and z € R*:

Dilation: A = cI,,, where c is constant. It stretches (or shrinks) x.

Rotation: A = (1) _01 . Rotates by some angle 90° (coordinate
rotation) while preserving the size of the vector x.

Reflection: A = [ (1) (l) } . Reflects about the axis y = x. Generally,
reflects about some axis of symmetry.

Projection: A = { (1) 0 } . Takes z in 2-dimensions, to 1-dimension:

here it takes a vector z in the plane (x,y) to the nearest point (x,0) on the
horizontal axis. Note that neither the dimension or the length of z are
preserved.
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Eigenvalues and eigenvectors Properties of eigenvalues and eigenvectors

Important Linear Transformations

@ Reflection across line at angle 6:

A=
2¢0s20 —1 2cosBsin6
2c0s0sin@® 2sin’6—1 |

@ Projection onto line at angle 6:
_ cos’6  cosBsin6
" | sin@cos®  sin’H

«0>» 4FF>» «E» « >
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Motivation

Projections onto a Line

Problem: Given a vector a and another vector b, the challenge is to find the
shortest distance between the tip of one of the vectors to any point colinear
with the other vector.

b=(by,....b,)

a=(ay,..., a,)
P
O

— X,

'UAN M. RESTREPO

Note that this point p is such that a vector perpendicular to a extends to b.
This is a first example of least squares problem.
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Projections onto a Line

[reees a,)
a'b
pP=Xa=
0

Note thata"b = |a] |b

cos 0.
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Least Squares in Several Variables

Let A € R™" and b € R™.

A Practical Problem: Given m observations (data), you want to propose a
model of the form
Ax—b=r,

such that A is as “compact” as possible and/or r is as ”small” as possible.

Geometrically, for m = 3, and n = 2 (thus x € R?):

Ty e poits T e Ty b
- -
G| 7
column 2= | @, [
W
~ %2
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Least Squares in Several Variables

r must be perpendicular to every column of A: That is,

al (b—Ax) = 0

al -(b—Ax) = 0.

ATr=0, equivalently, A'AX=ATb.
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Least Squares in Several Variables

The ”smallness”™ of r can be measured in terms of a norm.
A convenient norm is the 2-norm:

E:=||rlf3=r"r=(Ax—b)" (AX—b).

We note that
1dE B

2dx
which we call the normal equations.

AT (A% —b)

For a given b and a choice of A, we can find X which minimizes the distance
squared E: E is smallest where ‘% = 0. This equation gives us X.

LOLNNR B N SN NN S ON TR P TR YT UIY The Mathematics Institutes” MODERN MATH W September, 2010 52/136



Motivation

The Least Squares Solution to the system of m equations in # unknowns

o Itsatisfies ATAX=ATbh

o If the columns of A are linearly independent, then A" A is invertible and
x=(ATA)"'ATD.

@ The projection of b into the column space of A is thus

p=Ax=AATA)'ATh.

Note: A A is symmetric and has the same null space as A, invertible if the
columns of A are linearly independent.
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Motivation

Example: Givendata: b=1atr=—1,b=1att=1,b=3att="2. Propose
a model of the form D + Gt; = b;. Find scalars D and G, that in the
least-square sense satisfies the equation, for all data points. Solution:

space

Try next a model of the form D + Gt? = b;.
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Motivation

The Gaussian Probability Distribution

and -
Gz/_w(x—m)zp(x)dx:z ((x—m)?).

m and o2 are known as the mean and variance (or the first and second
moments of p(X)).
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Gaussian Probability Distributions in Vector Spaces

Let x := [x; x5...xy] ", where x; are scalars with Gaussian PDF’s. Let m € RV

p(X) = TIM i

is a 2-parameter vector probability distribution:

m= /_pr(x) dx = (x),

and

Ci= [ (emm)r—m) pw)dr = ((r—m)x—m)")

mand C € RT™*" are known as the mean and variance (or the first and
second moments of p(X)). Here,

1 1
(2m)N/2 \/detC
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Motivation

Suppose C is diagonal
C = (xix) = &7,

and m = 0, then the normal, delta-correlated vector distribution is

2 2 2
11 i35
p(X) = e o % N

(2m)N/2 \/detC

This normal distribution is known as vector white noise.
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Back to Least Squares, a Statistical Interpretation

Consider data b(t;) = L(t;) +n(t;), i = 1,2, ...,m.
L(t;) = D+ Gt == AX;,
here X := [D G]". a is a parameter associated with the “model.” Succinctly:
AX—b=N.
Assume that the Gaussian noise processes are have zero mean and are
“delta-correlated”: (n(t;)) = 0 and (n(t;)n(t;)) = 8;07.
So the Least Squares gives an estimate ¥, given by ¥ = (ATA)!ATb, with
error covariance
Pi={((x—3%)(x—%)")=ATA) AT <NNT >AATA) ' =67 (A"A)"1 5.

and estimated fit N = b — Ax = (§; —A(ATA)'AT)b.

LOLNNR B N SN NN S ON TR P TR YT UIY The Mathematics Institutes” MODERN MATH W September, 2010 587136



When there’s excellent data

When data do not fail us...

variance=0.2 model is quadratic
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Mc

When data do not fail us...

variance=0.2 model is quadratic
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When data do not fail us...

variance=0.2 model is quadratic

000 N
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Mc

When data do not fail us...

variance=0.2 model is linear
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Mc

When data do not fail us...

variance=0.2 model is linear
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When data do not fail us...

variance=0.2 model is linear
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Combining Observations and Mathematical Models

Why is this a good idea? Suppose the data for some experiment was:

3 N
time
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If you used only the model...

dx = 4x(1—x*)dt+ kdW,
x(0) = xo

HOT
COLD
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Using Data and Models:

Focus on linear-Gaussian case:
@ P(x|y) =< Likelihood x Prior.
@ Use data y for likelihood: y = Hx +n;

@ Use model for prior: Ax—b =n,
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Combining Models and Data, the Linear Gaussian Case

ifn; ~ ¢~ 5%/9 and ny ~ e C/R are normally distributed

Cweb?  pem? {M+ <)'—Hx)2]
P(xly)~e @ e & =e

02 TR
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Linear/Gaussian Estimation
BAYESIAN Least Squares for Linear/Gaussian Problems

Linear/Gaussian global data assimilation: given a model

A(m)x—b =0y,
and data
B(m)x—y =6,
Leads to the following least squares problem:
W(m)x—V =0,
O~ A (0,R).

Find % , mean, such that TE(0" ) is minimized.

(Also, find the uncertainty P := E[(x —X)(x — %) T]).

Remark: Minimizing the variance above, maximizes the Bayesian conditional
probability:

P(xly) o< exp(—©?/R) = exp(—63 /r2) exp(67 /r1).
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Recalling Least Squares

Given the least squares problem:

Wx—-V =0,

Extremize
J:=[|®00| = ||[Wx— V] [Wx—V]|.

Solve the Normal Equations W' Wx = W'V, which yield

¥ = (WW)™'W'V, the estimate,
V—Wi=(I-WW'W)"'WT")V, the residual,

=
|
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Same, but ROW WEIGHTED Least Squares

Given the least squares problem:
Wx—V =0,

with Normal (®) = 0 and (0,0;) = Q.
The connection to the old problem is
wW=0 "?w, =0 20, v=0 "2v.

Extremize

J:=(070) = ((Wwx—V]"Q {wx—V]).
The Cholesky decomposition of Q = QT/ 2Q1/ 2,
Solve the Normal Equations W' W% = W'V, which yield

= (Wo'w)'w'o v, the estimate,
A=0" = (I—-wWWT'Q 'W)"'W QO "V, the residual,
P = (Wo'w)y'wio'ww'o 'w)"!, uncertainty,

A common situation: Q;; = [E(9;0;).
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Sequential Least Squares

Let x(¢) := [x1,x] . Suppose you already have an estimate of x;. Can we use
this to find the estimate of x,?

Wix1 — Vi =®1, Woxs — Vo = O5.

Let (®;) =0, (©,0;") = Q;. Assume additionally that (@0, ") = 0. The
global estimate is obtained by extremizing

]:

LaglS

[Wix; — Vi) T Q7 {Wix; — V).

I
—_

Suppose we already have x; and Py, then

%= (W] Q"W+ W, 0 'wo) TN (W o v+ W, 0 ' ).

An expression can be written for Py = {(x, — %) (x2 — %) ") as well.
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However, using the matrix inversion lemma:
One can obtain

X, = X —|—K2[V2 — szcl]
n, = Vo—Wix,
P, = P —K,W,P;.

K2 = P1W;—[W2P1W;— +Q2]71.

matrix inversion lemma,
A B
BT ¢
where AT = A, cl = C, B rectangular and dimensionally commensurate. Then

(c-B'A7'B)"" = c'-c'B"(BC'BT —A)BC!
ABT(C+BABT)™' = (a7'4BTc7'B)7'BTC.
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Kalman Filter

Forecast
X* = MX(t)+B(1) t=0,1,...,
Pt = MP()M'

in the absence of any other information, X* is a state prediction, P* is state
uncertainty prediction. Analysis

X(t+1) = X" +K(t+1)[Y(t+1)—H(t+1)X],
P(t+1) = P"—K@+1)H(t+1)P*
where the Kalman Gain Matrix is
K(t4+1):=PH(t+1)"[Ht+1)PH(t+1)" +R(t+1)]!
X(0) and P(0) are known.

¢f. Review in Jazwinski, Dover Pub

J
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Estimation Using Perfect Models

Find the model parameters m such that
Am)x—b=0
m is the vector of parameters. Use field data
y=Hx-+E.
Cast as constrained optimization problem:

1
min —{|Hx — y|[& + B2 (m)
subject to A(m)x —b = 0.
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Estimation Using Perfect Models

Conventional Approach: INCORPORATE CONSTRAINT:
1 _
min 5{|[HA(m)~'b {2 + B2 (m).

Very compute-intensive:

o Each evaluation of the objective function requires a solution to the
forward problem.

o Evaluating the gradient requires the solution to the adjoint problem.
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Estimation Using Perfect Models

Alternative Approach: ALL-IN-ONE OR AUGMENTED:
1
L (x,m,A) = 3 ||Hx =Y+ B2 (m) + AT (A(m)x —b).

The Euler-Lagrange equations are:

L =A(m)x—b 0,
L =Am)'A+H (Hx—y) = 0,
Ln=B5 0% a[a(n”z)xﬂx _—

Solve using Newton (preconditioned Krylov method). Same
strengths-weaknesses of unconstrained method, but faster (only need
approximate Hessian).
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Estimation Using Non-Perfect Models

Find the model parameters m such that
Am)x—b=p
m is the vector of parameters. Use field data
Hx—y=e¢.
Known: L~ A (0,C¢) and € ~ A (0,Cy).
Construct the over(under) determined system
W(m)x—V =0.

Solve the weighted-row least-squares problem.
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Model and Observations:

W(m)x—V =0,
0~ 4(0,0).

Find X , mean, such that ]E(BTG) is minimized.
Find the uncertainty U := E[(x —%)(x — %) "].
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Time Dependent Problems

Time Dependent Problems?

Consider a discrete time process...
Still can use Least Squares: suppose know xy and your model is

Xn+1 = Mxy+ By + Uy + Ny,

n=0,1,2.... Is your (discrete) linear time dependent model. Then it is easy to
show that
Xn = Lxo +f(Bn) +g(Un) +N

so we are back to solving a linear equation and can use Least Squares... but it
might be more convenient to solve the estimation problem sequentially...
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Time Dependent Problems

Time Dependent Problems

Task: want to find X,, n =0, 1, ... and uncertainty P, that minimizes the
posterior covariance of X at each n, given observations

Y, =HX, +¢&,,

n=0,1,2.... Here (g,) = 0, (g,€, ) = R,,. H is known as the observation
matrix.
The model for the process is

Xn+1 =MX,+B,+ FUm

n=0,1,2.... We assume (U,) =0, (U,U}) = Q,,
Note I'U can be thought of as model noise (or it could be thought of as a
CONTROLLER)
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Time Dependent Problems

Kalman Filter, fromn=0ton = 1:

Have an estimate of X, called X, with uncertainty Py. The initial error is
YO = X() — X(). Forecast: X(l 5 —) = MX() aF B(), The control (or noise) has zero mean and thus a best

estimate is to set to zero. The —1 indicates that no data has been used in the estimate.
’}/(1) = X(l, —) — X, =MXy+ By — (MXO + By —I—FU()) =My —T'Uy.
the erroneous forecast has 2 components: the propagated erroneous portion of Xy and the unknown control term.
) = ((My —TUp)(Myy—TUp) ") = MPoM ™ +TQoI'" := P(1
(nn )= ((My—TU)(Myp—TU) ) =MPoM +TQoI" :=P(1,-).

Use the measurement: ¥ = H; X +Nj: An(llysts

Xl = X(l,—)+K1[Y1—H1X(17_)],
P, = P(l,—)—KlHIP(17_)

where the Kalman Gain Matrix is K, := P(1,—)H| [H\P(1,—)H| +R;]™
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Time Dependent Problems

Kalman Filter Equivalent in Least Squares

4F [Y1 —Hlil]TRl_l[Yl —H1X1].
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Time Dependent Problems

Kalman Filter

Forecast
X* = MX,+B, n=0,1,...,
P* = MPM'"+TQ,I"
Analysis
Xty = X +KuiyYue) —Hurn X,
Piuiy = P —KppnyHpnP”

where the Kalman Gain Matrix is

Kty := P'H{, ) [HipryP Hyy + Rinn)] ™!

Xo and Py are known.
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Time Dependent Problems

Kalman Filter

Water Content (m'm)

Sait Concentration (mg cm)

o 0 180 200 220 240 260
Day of Year, 1997

At filtering times there’s a forecast correction due to the data (ANALYSIS).
Between filtering times the uncertainty grows due to model errors.

Image from L. Wu, T. H. Skaggs, P. J. Shouse and J. E. Ayars Soil Sci Soc. Amer (2000) <O> <Fr «E> <E>
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Example: Feature Tracking

o Uses 60 mpg frames of a
basketball bouncing.
(Data is (2d) edge of
b’ball, found by edge

(Loading breakmovie) detection)
o First order regression

equation for the model.

and Red is the Ex-
tended Kalman Filter Estimate

taken from Mathworks, Inc, created Ali Reza Kashanipour
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ball_kalman.avi
Media File (video/avi)


Examp]e: Forced Coupled Oscillators

— & k
§ agmm] FCORD ™ &’ d
TR T TR f M_q i R_q +Lla=f
N NAALLIARR IR A R LM R R R R R R dr dt
—q; [12

where X = [q1 ¢2 p1 pz]T, and

1 0 dt 0

0 1 0 dt
—20 (04} ,Bl 0
o) —2061 0 ﬁz

A=

a; = dtk/m;, and B; = 1 —dtr;/m;, i=1,2. Also F = [00f1/m1 fo/m3]".
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DEMOS

Kalman Filter Problem

Estimate Mean Position and Uncertainty of Masses

@ The forcing terms are “noisy” and give the experiment some uncertainty
in the observations.

@ Observations of the position were made with a noisy device

@ The goal is to use the model and the partial observations of the position
of the masses to produce a filtered estimate of the vector
X=[pipqiq]"

@ We will vary the measurement uncertainty, the frequency at which we
sample the position
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Conditions for the Experiment

DATA INPUT: q 1

W

10 15
time
PO Group Le /

20
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UNCERTAINTY ESTIMATES ON POSITIONS

5 10

time

12
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4D VAR: The Variational Approach

Goal: Find a posterior variance minimizer estimate ii(x,t) of the mean
trajectory of u(x,t), which obeys a noisy PDE and a noisy discrete data set d,,

P(u(x,t)|dn=1:m) o< Likelihood x Prior.

@ Model informs prior,
@ data informs the likelihood

@ Assume (data and model) erros are normal, delta-correlated, with known
variance.
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4D VAR

The (Strong) Problem
MODEL.:
Gu(x,t) = F(x,t)+f(x,1), 0<x<L,0<t<T,
u(x,0) = Ix)+i(x), 0<x<
u(0,r) = B(t)+b(t), 0<t<T,
DATA:
dn = ulxmty)+&, m=12.M.

where G := 0, +cd,, and ¢ > 0
f(x,1),i(x),b(t), €y are normal noise processes with known variances:

(L nf (1) = Wi GGiG)) = W (b(0b() = Wy L (enel) =w.
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The Variational Problem

Let
T L L T
J(u) = Wf/ dt/ dxf(x,t)2+Wl~/ dxi(x)2+Wb/ dt b(r)?
o Jo 0 0

M
+ sz,iS

m=1
where 8 := 0 (x —x,,)8(t — 1)
J(i+8u) = J () + O(Su?),

since we force 6J(it) = 0.
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4D VAR

>

L
0=6J(1) = W, /0 d [i1(x,0) — 1(x)] Su(x, 0)
LW, / " 4t [2(0,) — B(1)]5u (0,1
0
+ /0 dx /0 dt [~GA)Su(x, 1)
L T
+ / dx ASu|T o+ / dt cASu(x,0)[E,

+ w/ dx/ dtz d)Su(x,1)6

where A = Wy(Gi— F).
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The Euler-Lagrange Equations

With A = Wy (Ga— F),

BACKWARD PROBLEM
M
—GA = =Y [a(x,t) —dy)8
m=1

Ax,T) = 0,  A(L1)=0,
FORWARD PROBLEM

G = F+ Wf—l/l

a(x,0) = I(x)+W;'A(x,0),  #(0,r) =B(t)+cW, '1(0,1).

The best estimates of f,i,b:

Feon) =W A, i) =W '2(6,0),  b(r) =W, 'A(0,0).
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The Representer and the Reproducing Kernel

Let r,,(x,7) and @, (x,) be the m = 1 : M representers and adjoints,
ADJOINT PROBLEM:

-Gy = O(x—xp)0(t—t),
om(x,T) = 0, oy,(L1t)=0

FORWARD PROBLEM:
Grn = W; o,
Im(x,0) = W la(x,0), ru(0,x) =cW, ' a,(0,1).
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4D VAR

ADJOINT PROBLEM:
—Gay, = S(x—xm)0(t—tm),
an(xT) = 0, aw(L,1)=0
FORWARD PROBLEM:
Grm = W 'am,
m(x,0) = Wlfla(x?O), rm(0,x) = L‘Wl;l 04 (0,1).

M
i=up(x,1)+ Z Bt (x,1)
=

WThe Mathematics Institutes” MODERN MATH Wt September, 2010
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4D VAR

Need to find B,,’s in
M
it =up(x,t)+ Z Birm(x,1).
m=

Substitute & into the forward problem equation Git = F + W~ A(x,0),
to find '

Git = Gurp + Z BuGrn =F+W, ! Z Bin O

m=1

Thus
A = Wy[Ga— Z B Ot
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Further, using —GA = —wY™_, [it(x,1) — d,,)8 (x — x,,) 8 (¢ — t,,,) from the
backward problem,

-GA = - % BnGay, = f B0 (x —xp)6(t — 1) =
- w[nf::;, 1) — dm]S(Z:—Ixmﬁ(t —tm).
Which implies
B = —wlit(x,1) — dp) 6 (x — X)) 8 (t — 1)
Substituting i = up (x,1) + YM_, Burm(x,1),
M

ﬁm = _W[MF(xmatm) + Z ﬁzrﬂ(xmatm) - dm]-
(=1

Hence,

[rf(xmatm) +W715£,m“3€ = dm - MF(xmatm)-

Mk

14

1
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4D VAR

The best estimate is

M
i=up(x,t)+ Z Bnrm(x,1),
m=1

where "
Y [reGom, tm) +w ™ S0l Be = din — p (Xom, 1),
or -
[R+w T8 =d - ug,
Finally:

i(x,1) = up(x,1) + (d —ugp) ' [R4+w 1] r(x, 7).
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Nonlinear Non-Gaussian Problems?

Forecast, not much of a problem:
X =N(X(1),B(1))
But not clear how to propagate uncertainty P(z+ 1).

Extended Kalman Filter used extensively on nonlinear problems: linearize
about X () and use closure ideas for moments.
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The EKF Results!

(c)
Fitgred Solution

Figure: 10% uncertainty, A = 1.

siimated Error Covarionce

Reference Solution

-161 e = ==
0.0 20 %0 5o

Figure: 20% uncertainty, At = 0.25.

IR. Miller, M. Ghil, P. Gauthiez, Advanced data assimilation in strongly nonlinear
dynamzcal systems J. Atmo. Sci. 51 1037-1056 (1994)
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Nonlinear Problems Nonlinear Estimation

Rao Blackwellisation: Reduce Variance

An essential dimensional reduction stage: identify linear/Gaussian elements
in your state vector and use Kalman (or least squares) on these....it’s optimal!

Rewrite x = x/, X", then
PX|Y) o< p(x' |3, Y )p (x| Y).

use your nonlinear/non-Gaussian sampler on p(x"|Y).

var(Elg(¢ [¢")¥")] + Elvar(g(x!,¢") [¥")] = var(g(/|x"))
thus, var(Bg(x! |x)]|¥")] < var(g(x'|x")).

¢f-, See Karlsson, Sh on, Gustaffson, IEEE Trans. Sig, Proc. 2005

'UAN M. RESTREPO
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Other Approaches on Nonlinear/Non-Gaussian Problems

Optlmal (Variance—minimizer) KSP (Kushner, Stratonovich, Pardoux), early 60’s
4D-V211‘/AdJ 0] nt (MaXI mum L] kellhOOd) (Wunsch, McLaughlin, Courtier, late 80’s)
el’lsenlb]e KF (Evensen, '97)

Mean Field Variational (Rayleigh-Ritz on the Kullback-Leibler
Divergence) (Eyink, Restrepo, "01)

Parametrized Resampling Particle Filter (im, byink, Restrepo, Alexander, Johnson, *02)
Langevin Sampler . swar, '05)

Path Integral Monte Carlo eswepo '07. Alexander, Eyink & Restrepo, '05)

Diffusion Kernel Filter «rause, Restrepo, '09)

Displacement Assimilation (venkaaramani, Rosenthal, Mariano, Restrepo, *13)

Mean Stochastic Sampler artim and Majda, *10)

Restrepo, Leaf, Griewank, Circumventing storage limitations in variational data assimilation, STAM J. Sci Comp, "95 J
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enKF Most Favored in Practice

The enKF (”state-of-the-art”)
@ Use model for forecast X = N(X(¢),1).
@ Update the uncertainty using Monte Carlo.

Pros and Cons:

@ Can handle legacy code easily
o Gaussian assumption on the analysis: X(t+1) =X+ K(t)(y — H(X)).
@ Requires full model runs

@ Ad-hoc

G. Evensen, Sequential data assimilation with a nonlinear quasigeostrophic model using Monte Carlo methods to forecast error
statistics, J. Geophys. Res. 99, 10143-10162. J
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PIMC The Path Integral Monte Carlo

The Path Integral Formulation of Your Life

J. Restrepo, A Path Integral Method for Data Assimilation, Physica D, 2007,
E. Alexander, G. Eyink, J. Restrepo, Accelerated Monte-Carlo for Optimal Estimation of Time Series, J. Stat. Phys., 2005 J
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Nonlinear Pro Nonlinear Estimation

PIMC The Path Integral Monte Carlo

Optimal, on the discretized model
Simple to implement, but very subtle
Can handle legacy code

Relies on sampling

Can yield a variety of different estimators

J. Restrepo, A Path Integral Method for Data Assimilation, Physica D, 2007,
F. Alexander, G. Eyink, J. Restrepo, Accelerated Monte-Carlo for Optimal Estimation of Time Series, J. Stat. Phys., 2005 J
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PIMC The Path Integral Monte Carlo

&
=
o
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PIMC The Path Integral Monte Carlo

&
&
do
L
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PIMC The Path Integral Monte Carlo
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PIMC The Path Integral Monte Carlo
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Bayesian Statement

@ P(x|y) o< Likelihood x Prior.
@ Use data for likelihood.

@ Use model for prior.

P(_x‘y) o efﬁfmodele*%am — ele{(x)'
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Nonlinear Problems Nonlinear Estimation
Dmodel

dx = f(x,1)dt + [2D(x,1)]'/2dw

is discretized:
Xn+1 = Xn +Alf(xn7tn) + [ZD(xnytn)]l/z[Wn-&-l - Wn]

n=0,1,....T—1
T
Dpodel = Z [(xn+1 —Xn _Atf(xmtn))TD(xn;[n)_l (xn—H —Xn _Atf(xn:tn))]a
n=1

if Prob(AW) o< exp(—AW? /D).
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Nonlinear Problems Nonlinear Estimation
Ddata

ym = H(xm) + [ZR[xmutm)]l/znm
m=12,....M.

M
Data = Z [(ym _H(xm))TR(xnatn)il (ym —H(Xm))],

m=1

if Prob(n) < exp(—n?/R).
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MCMC Samplers

P(x‘y) oc efﬂmodelefgfdata — efﬂ(x)'

The Path Integral Monte Carlo practicality depends on fast sampling:
@ Multigrid (UMC)
o Langevin Sampler (LS)
e Hybrid Monte Carlo (HMC)
@ Shadow Hybrid MC (sHMC)
@ Riemannian Manifold Hamiltonian Monte Carlo (RM-HMC)
@ generalized Hybrid Monte Carlo (gHMC)
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Nonlinear Problems

(HMC) Hybrid Markov Chain Monte Carlo

Metropolis Hastings
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HMC Algorithm

Let ¢,(t=0) = x,,.

o To each g, a conjugate generalized momemtum, p,, is assigned.
o The momenta p,, give rise to a kinetic contribution
K= ZZ;:IPIM_lpn/z'
o The Hamiltonian of the system 7 = <7 (q) + K (p).
The dynamics are:
"
Ipn = _
P n Where F, = —grad(%(q)).
@ Solve using Verlet integrator (detailed balance).
@ Accept/Reject Metropolis/Hastings.
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Nonlinear Problems

Samplers

o Sampling 7(q,p)

1

=e

more efficiently.

~#(ar) ~ Le=(4) samples T1(g).
o Gradient dynamics makes system search through configuration space
@ Moves in g, are linear in p,,, i.e.

99 _ pg—1
,W_M P

</ (q) and grad(.<7(q)) should be easily evaluated.

UAN M. RESTREPO Group Leade

igiad The Mathematics Institutes” MODERN MATH Wt

«4O0>» «FP» «E» « =

>

September, 2010

DA
119/136



Nonlinear Problems Samplers

Sampler Efficiency Estimates

Sampler Efficiency: key to choosing and tuning sampler

e Computational Cost: & (NT)" Ryemoa (P, L)

@ p:=< Py >=< min{1,exp|—AS]} >o< erfc (%61"”(NT)1/2).
@ ¢(L): =< (0)7(0+L) >. Depends on problem dimension and state
space characteristics.
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Nonlinear Problems Samplers

RM-HMC Algorithm?

Hamiltonian replaced by:
1 _
H = (q)+5p Glg)"'p

where the non-degenerate Fisher information matrix G := B{V.&/V.e/ T}

Challenges:

o find a time-reversible/volume-preserving discrete integrator for
Hamiltonian problem.

@ optimize its computational efficiency.

2Girolami, Calderhead, Chin, preprint, 2009.
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Nonlinear Problems Samplers

Decrease decorrelation length L: gHMC Algorithm

where C € RT*T matrix

Challenge: find C that leads to a significant reduction in the sample
decorrelation length.

We used the circulant matrix C = circ(1,e%,e72% ..., T%),

«0>» 4FF>» «E» « >
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Nonlinear Problems Samplers

Sampler Efficiency Comparison

Table: T is the number of time steps, (-) is the standard deviation on the number of
samples, (@] used in C; J is the number of T time steps.

T+1 | HMC (J=1) | HMC (J=8) UMC gHMC (J=1)
8 900(125) 170(7) 800(40) 40(8) [0.20]
16 5300(1600) 560(20) 1040(60) 60(10) [0.10]
32 | 13300(8300) | 2700 (140) | 1430(100) | 200(30) [0.05]
64 | 30000(7800) | 2800(400) | 1570(100) | 420(70) [0.0245]
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Looking Forward...

o Continued work on assimilation methods that can handle larger
problems.

o Continue improving nonlinear/non-Gaussian assimilation methods.
Data and models can combine to improve forecasts...but can they be used
to make better forecasts?

o Feature-based data assimilation.

@ Displacement data assimilation.

@ Surrogate models built from data only.
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Nonlinear Problems Samplers

Feature-Based, Lagrangian Data Blending

(a) (b)

Contour
Classic (©) Analysis (d
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Improving Hurricane Predictions
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Samplers
Improving Hurricane Predictions

'

-
(

Estimated Property Damage
Katrina $108B

Sandy $65B

Ike $30B

Andrew $27B
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Goal: Better Predictions using Added Constraints

@ Better estimates of hurricane tracks (NSF)

o Better estimates of oil slick geometry and location in ocean flows
(BP/GoMRI)

Collaborators:

Steven Rosenthal (Arizona)
Shankar Venkataramani (Arizona)
Arthur Mariano (U Miami)
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Nonlinear Problems Samplers

Displacement Maps via Canonical Transformations

Find
min||¢(M(x)) = go|[3-
here (x,y)2(X,Y).
In 2-Dimensions, the generating function is G(X,y) = Xy +f(X,y).

G

Y=oy T X+£(X,y)
G

Y:87X = y+fx(X,y).

invertible if fyx > —1.
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Nonlinear Problems Samplers

Parameterizing Position Error

Example:
Model field 4 Mapped model field
1
0.8 0.8
0.6 0.6
04 04
0.2 0.2
0 2 4 0
x
f(X,y)=0 £(X,y) = Lain(X) + L sin(y)
4 4
0
3 2
1
2 W
2
1 1
"3
0 0
4
" L,
5 -2 -2
6 3 3
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Nonlinear Problems Samplers

KK Yo

9o(xy) = a(X(xy), YY)

10 10
8
6

5 4
2

0

(@ (Ad)g,)(xy)

10 05

5 0
05

0
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Nonlinear Problems Samplers

The strain tensor ¢ takes the form

_ [xAx yAx} _ 1 [—fyx —fyy ]
xAy yAy]  1+fix [fx fxy— HIF]
where H|[f] is the Hessian matrix of f. The diagonal terms determine the

normal strains in the map, while the off-diagonal terms define the shear
strains. The penalty functional is now given by

1= [ 0t = a0+ [(xa2) +(549)°] +B (620 + (x8y)"] ey

where o and B weight the normal and shear strains, respectively.
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Nonlinear Problems Samplers

KK Yo

axy) Gpxy) = AX(xy), YY)

10 10
8
6

5 4
2

0

(@-(Ag),,)(xy)

10 05

5 0
05

0
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Displacement and Amplitude Assimilation

Combine “Traditional” Amplitude Assimilation with Displacement
Assimilation:

Basic Algorithm (from ¢, to f,,11):

o At t,: Perform displacement assimilation.

@ At t,,+1: Perform amplitude assimilation.
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Further Information

Juan M. Restrepo

www.physics.arizona.edu/~restrepo

Uncertainty Quantification Group

www.physics.arizona.edu/~restrepo/UQ.html

—EEZ
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